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This paper presents the effects of bearing locations on the mechanical characteristics of a multi-stepped spindle system

related to bearing fatigue life, natural frequency, and static stiffness. The multi-stepped spindle is supported by a pair of

tapered roller bearings (TRBs) and subjected to radial loading. To solve the equilibrium equation of the spindle system

which is inherently statically-indeterminate, this study adopts an integrated shaft-bearing model, where the spindle is

modelled by the finite shaft elements and the supporting TRBs are modelled by the five degrees-of-freedom TRB model

developed by the authors. An iterative computational method is used to estimate the spindle deflection coupled with bearing

deflections, and afterwards the bearing stiffness and internal contact loads of rolling elements are computed. The bearing

fatigue life based on the ISO standard and the first natural frequency of the spindle system are evaluated with the spindle-

bearing model. The influences of bearing locations on the static stiffness and natural frequency of the spindle, and the

fatigue life of TRBs are rigorously investigated. The numerical results show the noticeable effects of bearing locations on

the spindle system characteristics. The presented results provide a comprehensive assessment to aid for design

optimization of spindle-TRB system.
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1. Introduction

A spindle-bearing system is a core part of machine tools. The

characteristics of a spindle-bearing system greatly influence the

machining accuracy and productivity of the machine tool.

Therefore, adequate design of a spindle-bearing system is essential

to guarantee a high performance of the machine tool. 

One of the most important characteristics of spindle-bearing

systems is the rigidity, which has a major effect on machining

accuracy.1 The spindle-bearing system should be designed to avoid

self-excited vibration, or chatter, that can occur during machining.2-4

Because this kind of vibration is closely related with the inherent

natural frequencies of spindle-bearing system, high natural

frequencies are usually preferable to make the spindle to operate

under a broader range of operating speed and excitation frequencies.

Nowadays, with the increasing demand for higher productivity,

another important characteristic considered in the spindle-bearing

system design is the service life, which is mainly determined by

the fatigue life of the supporting bearings.5 The above-mentioned

characteristics, i.e. spindle rigidity, natural frequency, and service
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life, are all relevant to the locations of supporting bearings on the

spindle. The bearing locations directly affect the amounts of loads

applied to the bearings, and inevitably the bearing fatigue lives.

The stiffness of a bearing is also a function of the load which is

applied on the bearing, and the bearing locations could modify the

bearing stiffness, as well as the system natural frequency and

rigidity.6 Thus, appropriate placement of the bearing locations is an

essential part in the initial design stage of spindle-bearing system.

Traditional spindle-bearing system designs usually considered

design objectives such as weight, natural frequency, dynamic

stiffness, chatter, and depth of cut.7,8 The associated constraints for

the design variables were introduced such as the number and size

of bearings, bearing spans, preload, overhang tool length, etc. Lin9

optimized the bearing locations for improving the first natural

frequency of a motorized spindle-bearing system using a genetic

algorithm. Later, he extended his study to explore optimal locations

of bearings and their tolerances simultaneously.10 Cao and

Altintas11 designed the optimal bearing spans for avoiding chatter

and thus improving the cutting depth of a milling system. Maeda et

al.12 proposed an expert spindle design system to find optimal

bearing locations for improving chatter stability. Chen and Liu13

investigated the effects of bearing arrangement, the distance

between the front and rear bearing sets, and the overhang length of

cutter’s free-end, on the spindle natural frequencies. Optimal

bearing locations and spindle size for improving the stiffness and

natural frequency of a spindle system were studied by Park et al..14

Lin and Tu15 showed that bearing locations are one of the most

influential factors on the spindle-bearing system dynamics. In the

above studies,9-15 however, the bearing fatigue life was not

considered. Indeed, machine tool designs commonly face a struggle

of compromise for spindle system characteristics among the rigidity,

natural frequency, and bearing life. Hence, understanding the

influence of bearing locations on these characteristics is very

important. 

In this paper, the effects of tapered roller bearing (TRB) locations

on the bearing fatigue life, natural frequency, and static stiffness of a

spindle-bearing system are investigated. The investigated spindle

system consists of a spindle shaft supported by a pair of TRBs in

back-to-back arrangement. The spindle is subjected to radial

loading. This paper is structured as follows: Section 2 presents the

configuration of spindle-bearing system, the calculation methods for

bearing stiffness matrix, bearing fatigue life, spindle system

deflection and natural frequencies. Section 3 presents the numerical

results and discussion. The numerical results of the basic reference

rating life of TRBs, and the static stiffness and natural frequencies

of the spindle system as a function of TRB locations are reported in

detail. Finally, Section 4 concludes the paper.

2. Spindle-Bearing System Model

Fig. 1 illustrates the configuration of the investigated spindle

system, which is a milling spindle supported by a pair of TRBs in

back-to-back arrangement. The external load on the spindle system

consists of a radial load Fr placed at the left tip of the shaft. The

bearings are preloaded by a constant force method. To determine

the characteristics of the spindle-bearing system such as bearing

fatigue life, natural frequency, and static stiffness, the loads and

stiffness matrices of the supporting bearings are needed. These can

be obtained after solving the equilibrium equations of spindle-

bearing system. The bearing stiffness model, fatigue life

computation, and spindle FE model are briefly addressed in this

section.

2.1 TRB Stiffness Model

Fig. 2 presents a five DOF model for a TRB. The inner ring of

the TRB is loaded by a load vector {F} and is displaced by a

displacement vector {}, where:

(1)

(2)

There are two types of computational procedure for the TRB

model according to the input and output conditions as shown in

Fig. 2. The first computational procedure is related with the

stiffness matrix and displacements of the TRB subject to bearing

loading. Fig. 3 shows the calculation flowchart of the first

procedure. This procedure is based on a two-loop iteration: The

global loop for the inner equilibrium and the inner loop for local

equilibrium of each roller. The calculation process starts by

assuming the initial displacements of the inner ring and rollers.

Subsequently, the contact loads between the rollers and raceways

are calculated using the slicing method.16 Next, the new

displacements of rollers are determined by solving the equilibrium

equations of rollers using the Newton-Raphson method. The free-

body diagram of a roller with all applied loads is demonstrated in

Fig. 2. After the equilibriums of individual rollers are solved, the

Fig. 1 Configuration of the milling spindle-TRB system under

investigation



한국정밀공학회지  제 37권 제 8호 August  2020 / 617

inner ring equilibrium equation can be solved for the unknown

inner ring displacements. At the end of the local or global loop, the

convergence should be checked, in which the current

displacements of rollers or inner ring are compared to those of the

previous iteration. A new iteration is needed if the differences

between the current and previous displacements are larger than a

given tolerance. Details of the roller loads, roller and inner ring

equilibrium equations, and stiffness matrix formulation may be

referred from several papers by the authors.16,17

The second computational procedure is such that the

displacement vector of inner ring is given a priori, and the applied

load and stiffness matrix of the bearing are determined. This

procedure may be a simplified version of the first procedure,

because only the equilibriums of rollers are needed to solve.

Accordingly, the computational procedure is similar to Fig. 2

except excluding the outer loop. 

Both the two computation procedures provide the stiffness

matrix and roller-race contact loads, which are essential for the

estimation of the natural frequency, static stiffness, and bearing

fatigue life of the spindle-bearing system. The TRB stiffness

matrix is determined by Eq. (3).

(3)

which is a [5 × 5] matrix represented as Eq. (4):

(4)

Fig. 4 shows the numerically obtained stiffness of a TRB as a

Fig. 2 Free-body diagram and two solving procedures for bearing

subject to initial displacements or external loading 

Fig. 3 Computational procedure for bearing equilibrium

Fig. 4 Effect of external loads on the TRB stiffness
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function of axial and radial loads. The bearing geometric data are

taken from.16 The computed stiffness values are compared with

those determined by a commercial code.18 It can be observed that

the calculated results match well with those from the commercial

code.

2.2 Bearing Fatigue Life

In this section, the fatigue life of TRB is estimated in terms of

reference rating life with roller loads. The reference rating life

(L10r) is defined as the number of revolutions (in 106 Revolutions)

such that a bearing may survive with a probability of 90%.

Determination of L10r is outlined in ISO standard19 and briefly

summarized below. 

First, the basic dynamic load ratings of inner and outer ring are

determined as:

(5)

(6)

where the subscripts i and e represent the inner and outer races,

respectively.  = 0.83 represents the reduction factor considering

the effect of stress concentration and variation of exponent.19

Parameter c depends on the TRB geometry including the roller

mean diameter (Da), pitch diameter (dm), and contact angle () as

Eq. (7):

(7)

Cr is the basic dynamic radial load rating of the TRB, which is

determined by Eq. (8):19

(8)

where bm = 1.1 indicates the contemporary improvement factor of

bearing quality. fc = 88.02 denotes a factor representing the accu-

racy regarding the geometry and material of manufactured bearing

components. 

Next, the basic load ratings of a slice are calculated as Eqs. (9)

and (10):

(9)

(10)

Considering the TRB with rotating inner ring and stationary

outer ring, the dynamic equivalent loads on the k-th slice of inner

and outer rings are calculated by Eqs. (11) and (12):

(11)

(12)

where pikj and pekj indicate the maximum contact pressures at the k-

th slice and the j-th roller of inner and outer race (denoted by i and

e), which are found by means of contact pressure analysis. In this

calculation, the roller and race contact pressure is determined by

using a three dimensional elastic contact model.20,21 Z is the total

number of rollers in the TRB. Finally, the basic reference rating life

of TRB is estimated as follows:

(13)

2.3 Spindle Natural Frequency

To determine the natural frequency, the spindle system is

modelled using Timoshenko beam elements.22 The shaft is

discretized into a number of finite elements and two TRBs are

located at nodes as shown in Fig. 5. The shaft internal damping and

bearing damping are neglected here. The equation of motion for a

shaft element is expressed as follows:

(14)

where ms and gs are the [4 × 4] mass and gyroscopic matrices of

shaft element, respectively. {ys} and {zs} represent the [4 × 1] dis-

placement vectors in xOy and xOz planes, respectively. The equa-

tion of motion for a bearing is represented as Eq. (15):

(15)

where {fy
b fz

b}T denotes the force vector of the bearing. , 

and  represent [2 × 2] bearing stiffness matrix obtained from the

bearing model. Assembling the shaft element and bearing equations

kyy
b

kyz
b
kzy
b



kzz
b

Fig. 5 Finite element model of spindle-bearing system
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gives the equation of motion for the whole spindle system as fol-

lows:

(16)

The state space form of the system equation of motion is as

follows:

(17)

where

(18)

(19)

(20)

(21)

The eigenvalue problem in association with Eq. (17) can be

written as

(22)

where  and {h} are the eigenvalue and corresponding eigenvector,

respectively. Then the natural frequencies can be obtained from the

imaginary parts of the eigenvalues.

2.4 Calculation Process 

When the spindle shaft is subjected to radial loading, the

resulting reaction loads at TRBs commonly include radial, axial

and, moment loads. Likewise, the multi-stepped spindle shaft is

elastically bent under loading. As a result, the equilibrium equation

of the spindle system becomes indeterminate and could not be

directly calculated using force equilibrium equations.22,23 Moreover,

because the bearing stiffness depends nonlinearly on the applied

loads as shown in Fig. 4, the shaft equilibrium cannot be solved

separately with assuming a given bearing stiffness. Therefore, the

equilibrium equation of spindle system coupled with bearing

stiffness and the reaction forces should be solved simultaneously.

In order to overcome this problem, an iterative procedure is used in

this study as shown in Fig. 6. First, the stiffness matrices of TRBs

are calculated under initial axial preload using the first iteration of

bearing calculation procedure. Having obtained the bearing

stiffness matrices, the combined stiffness matrix of the whole

spindle-bearing system [K] can be constructed using the FE model

presented in previous section. Then, the displacement vector of all

nodes {q} is obtained by using the following static relationship: 

(23)

where {f} is the load vector of spindle-bearing system. In this study,

because only one radial load Fr is applied on the spindle nose as

shown in Fig. 1, the load vector {f} contains only one non-zero ele-

ment Fr at the correspondent node, while the other elements of {f}

are all zero. Obtaining the displacement vector {q}, the reaction

loads on the TRBs and the TRB stiffness matrices are re-calculated

using the next bearing calculation procedure. In the next step, the

convergence for the bearing loads is checked. If the differences in

the bearing loads between the current and previous steps are higher

than a pre-assigned tolerance value, then the bearing stiffness matri-

ces are updated and a new iteration begins. Otherwise, the iterative

process is stopped. Finally, the fatigue lives of TRBs and the spin-

dle natural frequency are calculated.

3. Numerical Results and Discussion 

This section presents the numerical results and discussion. The

radial load on the spindle is Fr = 2,000 N. The preload values of

the two TRBs are set to be identical, Fa = 1,500 N. The rotational

speed of the spindle-bearing system n is 1000 rpm. The TRB

locations are represented by distances L1 and L2 as shown in Fig. 1,

which are all varied from 11 to 106 mm. The length of the shaft

segments on which TRBs are placed is L = 120 mm. Here, L1 and

L2 are slightly smaller than L because the bearings have their own

width, requiring some space for assembly.

Fig. 6 Calculation flowchart for spindle-bearing system equilibrium
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3.1 Bearing Load

Fig. 7 shows the bearing reaction loads on the shaft, which are

also equal to the loads sustained by the bearings but in the opposite

directions. The TRBs are all preloaded by the constant force

preload method, and the varying loads to each TRB include a

radial load and a bending moment as shown in Fig. 7. Fig. 8 shows

the radial and moment loads on the shaft determined at TRB

locations as a function of bearing location variables, L1 and L2. It is

observed that the left TRB endures higher load compared to that of

the right TRB. The loads of TRBs all increase with increasing L1,

i.e., increasing the distance between the left TRB and the radial

loading point. Moreover, the left bearing location (L1) manifests a

higher influence on the bearing load variation than the right

bearing location (L2). This could be because the left TRB is closer

to the loading point than the right one. 

Fig. 9 shows the vertical deflections of TRBs in y direction (See

Fig. 7) with varying the TRB locations. The deflections of TRBs

vary significantly with changing the TRB locations along the shaft.

The relationship between the deflections and TRB locations shows

a high degree of nonlinearity. Owing to the above-mentioned

changes in the TRB loads and deflections, the TRB fatigue life and

shaft deflection are varied accordingly. Moreover, the spindle

natural frequency is also influenced by the nonlinear dependence

between the bearing loads and stiffness. The behavior of fatigue

life, natural frequency and static stiffness as a function of bearing

locations will be discussed in the next section.

3.2 Bearing Fatigue Life 

As shown in Fig. 8, the loads on the left TRB are significantly

higher than those of the right TRB. Therefore, we consider only

fatigue of the left TRB. Fig. 10 indicates that the maximum fatigue

Fig. 7 Bearing loads include radial and moment loads

Fig. 8 Effect of TRB locations on the reaction loads in the bearings

Fig. 9 Effect of bearing locations on vertical deflections at bearings

Fig. 10 Effect of bearing location on the fatigue life of the left TRB

Fig. 11 Configurations of spindle-bearing system with maximum or

minimum fatigue life
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life is reached when L1 = 11 mm and L2 = 106 mm. On the other

hand, the minimum bearing fatigue life is obtained when L1 = 106

mm and L2 = 11 mm. This demonstrates that the maximum fatigue

life is obtained when the distance between the two TRBs is longest

as shown in Fig. 11(a). To the contrary, when the distance between

two TRBs is minimized, the fatigue life is deteriorated as shown in

Fig. 11(b). The behavior of the TRB fatigue life in Fig. 10 can be

explained by the correspondent variation of bearing loads already

shown in Fig. 8. The bearing fatigue life generally reveals an

opposite tendency to the load applied to bearing. 

3.3 Natural Frequency of Spindle-Bearing System 

Fig. 12 shows the influence of bearing locations on the natural

frequency of spindle system. In this study, we consider only the

first natural frequency. Fig. 12 illustrates that the maximum natural

frequency is 1,312.7 Hz when L1 = 66 mm and L2 = 11 mm. The

minimum natural frequency is 648.44 Hz when L1 = 11 mm and L2

= 106 mm. This result demonstrates that the bearing locations

significantly influence the spindle natural frequency. The bearing

locations at which the natural frequency becomes minimal and

maximal are shown in Fig. 13. It should be noted from Figs. 11(a)

and 13(b) that the bearing locations of L1 = 66 mm and L2 = 11 mm

maximize the bearing fatigue life but minimize the spindle natural

frequency. Hence, the bearing locations should be carefully

determined to consider such trade-off between the bearing fatigue

life and spindle natural frequency.

Fig. 14 shows the effects of TRB locations on the stiffnesses of

the TRBs. The bearing stiffnesses show a contrary behavior against

the external radial load shown earlier in Fig. 8(a). This is because

increasing the radial load reduces the number of contacted rollers

under loading. The stiffnesses of the left TRB vary significantly

with bearing locations; the maximum stiffnesses are increased by

Fig. 12 Effect of bearing location on the spindle natural frequency

Fig. 13 Configuration of spindle-bearing system with maximum and

minimum natural frequencies
Fig. 14 Effect of bearing location on the bearing stiffnesses 
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more than 31% when compared to the minimum stiffnesses. On

the other hand, the stiffnesses of the right TRB have only slight

dependency on the bearing locations. Here, the differences

between the maximum and minimum stiffnesses are approximately

4.5%. It is also noted that the bearing stiffnesses converge to their

maximum values when the distances L2 reaches its upper limit of

106 mm, and L1 reaches its lower limit of 11 mm. Although the

bearing stiffnesses become maximum, they could not ensure the

highest spindle natural frequency as can be seen in Fig. 12. 

To evaluate the spindle natural frequency change with respect to

the TRB stiffnesses variation caused by the bearing locations, Fig.

15 plots the natural frequency ratios that are defined as fi divided

by ft, in which fi is the natural frequency determined with invariant

bearing stiffnesses, and ft is the natural frequency determined with

actual bearing stiffnesses. First, fi is calculated with intentionally

excluding the effect of bearing locations on the bearing stiffnesses.

Secondly, fi is calculated with the minimum values of bearing

stiffnesses, i.e., the stiffnesses under pure axial preload. The

resulting frequency ratios are shown in Figs. 15(a) and 15(b). Fig.

15(a) shows that the minimum value of natural frequency ratio is

approximately 0.96. This means that the natural frequency

estimated with the minimal bearing stiffnesses would be reduced

by approximately 4% compared to the current natural frequency.

On the other hand, Fig. 15(b) shows that under pure axial preload,

we can obtain a maximum increase of the spindle natural

frequency by approximately 7.5% compared to the current natural

frequency. Through Figs. 14 and 15, changes in bearing locations

lead to the subsequent change in the bearing stiffnesses, and

therefore the spindle natural frequency.

3.4 Static Stiffness 

Fig. 16 shows the static deflection of spindle determined at the

Fig. 15 Frequency ratios as a function of bearing locations

Fig. 16 Deflection of spindle at loading point

Fig. 17 Static deflections of the spindle system
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loading point. Unlike the spindle natural frequency and bearing

fatigue life, the deflection at the loading point mainly depends on

the location of the left TRB. The effect of the right TRB location

on the loading point deflection is very limited. Fig. 17 illustrates

the minimum and maximum static deflections of the spindle

calculated at L1 = 11 mm and L1 = 106 mm, respectively, while L2

is kept as 11 mm. The deflection shape of the whole spindle, as

shown in Fig. 17(a), demonstrates that most of the deflection stems

from the elastic cutting tool. In order to view more details of

spindle deflection, Fig. 17(b) illustrates the deflections without the

tool part. The left TRB location L1 = 11 mm, which leads to the

minimal static deflection, does not necessarily guarantee the

highest spindle natural frequency.

4. Conclusions 

This paper presented the effects of bearing locations on the

bearing fatigue life, spindle natural frequency, and static stiffness

for a spindle system with TRBs. Variation of TRB locations

critically alters the reaction loads acting on the bearings, and

eventually most of the characteristics of the spindle and TRBs. The

behaviors of stiffness and TRB fatigue life with respect to bearing

locations are quite similar to each other, whilst the bearing location

effects on the TRB fatigue life and spindle natural frequency are

dissimilar to each other. The bearing locations at which static

stiffness are maximized are not necessarily best for gaining higher

spindle natural frequency. The reported results in this paper

provide a basis for the design optimization of spindle-bearing

system in consideration of multiple objectives of the spindle static

stiffness, natural frequency, and bearing fatigue life.
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